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ABSTRACT

In [1] Abdel-Aal has introduced the notions of m-shadow graphs and n-splitting graphs, for allm,n>1.
In this paper, we prove that, the m-shadow graphs for paths and complete bipartite graphs are odd

harmonious graphs for allm=>1. Also, we prove the n-splitting graphs for paths, stars and symmetric

product between paths and null graphs are odd harmonious graphs for alln=>1. In addition, we present

some examples to illustrate the proposed theories. Moreover, we show that some families of graphs admit
odd harmonious libeling.

KEYWORDS
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1. INTRODUCTION

We begin with simple, finite, connected and undirected graph G = (V, E) with p vertices and q
edges. For all other standard terminology and notions we follow Harary[4].

Harmonious graphs naturally arose in the study by Graham and Sloane [3].

They defined a graph G with g edges to be harmonious if there is an injection f from the vertices
of G to the group of integers modulo g such that when each edge xy is assigned the label f(x) +
f¥) (mod g), the resulting edge labels are distinct.

A graph G is sald to be odd harmonious if there exists an injection
f: V(G) = {0, 1, 2, ..., 2¢g-1} such that the induced function f* : E(G) —{1,3,...,2g -1}
defined by f*(uv) = flu) + f(v) is a bijection. Then f1is said to be an odd harmonious labeling of G
[5]. A graph which has odd harmonious labeling is called odd harmonious graph.

For a dynamic survey of various graph labeling problems we refer to Gallian [2].
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Liang and Bai [5] obtained the necessary conditions for the existence of odd harmonious labeling
of a graph. They proved that if G is an odd harmonious graph, then G is a bipartite graph. Also

they claim that if a (p, g) — graph G is odd harmonious, then 2\/5 < p<2g—1, but this is not

always correct. Take P, as a counter example.

In [1] Abdel-Aal has introduced an extension for shadow graphs and splitting graphs. Namely,
for any integersm =1, the m-shadow graph denoted by D, (G) and the m- splitting graph

denoted by Spl,,(G) are defined as follows:

Definition 1.1. [1] The m-shadow graph D, (G) of a connected graph G is constructed by taking

m-copies of G , say G,,G, ,G,,...,G, , then join each vertex u in G; to the neighbors of the

m?

corresponding vertex vin G;, 1 <i, j<m.

Definition 1.2. [1] The m- splitting graph Spl,(G) of a graph G is obtained by adding to each
vertex v of G new m vertices, say vl,vz,v3,...,vm, such thatv', 1<i<m is adjacent to every

vertex that is adjacent to v in G.

Vaidya and Shah [6] proved that the shadow graphs of the path P, and the star K, are odd

harmonious. Further they prove that the splitting graphs of the path P, and the star K|, admit

odd harmonious labeling.

In this paper, we initiate the study by proving that D, (P,), for each m,n=1 is odd harmonious,

and we show that D, (K, ) for each m,r,s>1admits an odd harmonious labeling. Further, we

prove that, the following graphs Spl,( P, ), Spl,.( K 1n ) Pn @ K_m, Spl,, (P, @ K_2 ), Spl, (P> A S)),

Spl (K,,,) are odd harmonious.

2. MAIN RESULTS

Theorem 2.1.

All connected graphs of order < 6 are not odd harmonious, except the following 25 graphs:
1) C4,K23,K24 ., K53,
(i1) all non-isomorphic trees of order < 6,

(iii) the following graphs of order < 6
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Figure (1)

Proof.

The graphs in (i) are odd harmonious by theorems due to Liang and Bai [5]; note that the graphs
in case (ii) are exactly 13 non-isomorphic trees of order < 6, and they and the graphs in case (iii)
are shown to be odd harmonious by giving specific odd harmonious labeling assigned to the
vertices of each graph as indicated in Figure (1) and Figure (2). According to Harary [4], the
remaining (118) connected graphs of order < 6, are not odd harmonious by the theorem: “Every
graph with an odd cycle is not odd harmonious” which is also due to Liang and Bai [5].
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Theorem 2.2. D, (P,) is an odd harmonious graph for all m, n > 2.

Proof. Consider m-copies of P,. Let ulj ,uzj ,Méi ,...,u,{ be the vertices of the jth -copy of P, . Let
G be the graph D, (P,). Then IV (G)l = mn and |E (G)| = m’(n — 1). We define f V(G) — {0, 1,
2,....2m'@n - 1) - 1} as follows:

Fud) mz(i—1)+2m(j—1) i=13,5,...,n or n—1, 1<j<m,
ul)=
mz(i—2)+2j—1 i=2,4,6,...n—1 or n, I1<j<m.

It follows that f is an odd harmonious labeling forD (P,). Hence D, (P,) is an odd

harmonious graph for eachm,n>1.
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Example 2.3. An odd harmonious labeling of the graph D, (P,) is shown in Figure (3).
7 56 39 Ba 71

T 7% il ik 7 %, 7120
NAXLNRARANRT XA
“»*If? NAKA W BN EBNEH 6" A 112
LB SORALIR AL I

A A AT ATATA

0 1 32 33 64 65 a6

104

Figure (3): The graph D, (P,) with its odd harmonious labeling

Theorem 2.4. D, (K, ) is an odd harmonious graph for all m, r, s > 1.
Proof. Consider m-copies of K, . Let ulj,uzj,u{,...,urj and vlj,vzj,v;‘,...,vj be the vertices of
the /" -copy of K,,. Let G be the graph D, (K, ). Then IV (G)| = m(r+s) and |IE(G)l = m’ rs. We

define
V(G —{0,1,2,....2m’rs- 1}
as follows:

fw)=2-D+2r(j-1), 1<i<r, 1£j<m.
fOH =1+2mri—D)+2mrs(j—1), 1<i<s, 1<j<m.

It follows that f is an odd harmonious labeling forD, (K, ). Hence D, (K, )is an odd

harmonious graph for eachm, r, s = 1.

Example 2.5. An odd harmonious labeling of the graph D, (K ,) is shown in Figure (4).

Figure (4): The graph D;(K;,) with its odd harmonious labeling.

The following results give odd-harmonious labeling for the “multisplliting” paths and stars.
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Theorem 2.6. Spl,(P,) is an odd harmonious graph.

Proof. Let u;,uj,ul,...,u’ be the vertices of P, and supposeu; ,uj,ui,...u;, 1< j<m be

the jlh vertices corresponding to ulo ,ug ,u;) ,...,uf , which are added to obtain Spl,(P,). Let G be

the graph Spl,(P,) described as indicated in Figure(5)

Figure (5)
Then |V (G)l = n(m+1) and |IE(G)l = (n — 1)(2m+1). We define
fiV(G)—=1{0,1,2,...,2(n—1)(2m+1) - 1} as follows:
f(uio):i—l, 1<i<n.
1<j<m,

£ i 4n=-1j+i—-1, i=13,5,...n or n—1,
ul)=
' 2n-D2j-D)+i—-1, i=2,4,6,..,n—1 orn, I1<j<m.

It follows that f admits an odd harmonious labeling for Spl,.(P,) . Hence Spl,(P,) is an odd

harmonious graph.

Example 2.7. Odd harmonious labeling of the graph Spl;(P;) is shown in Figure (6).

V3
AV W0
NAVaVaS

sV

Za\

Figure (6): The graph Spl;(P;) with its odd harmonious labeling.
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Theorem 2.8. Spl,(K;, ) is an odd harmonious graph.

Proof. Let u,,u,,u,,...,u, be the pendant vertices and u,be the center of K; , and
ul,uj uj,.,u’, 1< j<m are the added vertices corresponding to u,,u, Uy, Us,...,U, tO

obtain Spl,(K;, ). Let G be the graph Spl,(K;, ). Then |V (G)l = (n+1)(m+1) and IE(G)| =
n(2m+1). We define the vertex labeling function:

f:V(G)—{0,1,2,....,2n 2m+1) - 1} as follows:
f(uy) =0,

Sfu,)=2i-1, 1<i<n,

faly=2mj, 1<j<m,
f(uij):Z[n(m+j)+i]—l, 1€i<n, 1£j<m.

It follows that f admits an odd harmonious labeling for Spl,(K;, ). Hence Spl,(K;, ) is an odd
harmonious graph

Example 2.9. An odd harmonious labeling of the graph Spl;(K; ;) is shown in Figure (7).

a7 a1 25 A 5
]
- 3
39 13 ? T - fi_
—3=
__, T
P T Il.I
- T = I
41 35 — P ~ Hﬁh--ﬂ"
- .
LT LET 6 C

Figure (7) The graph Spl;(K; ;) with its odd harmonious labeling

Remark 2.10.

In Theorem 2.2, if we take m = 2 we obtain the known shadow path and when we take m = 2, r =
1 in Theorem 2.4 we obtain the known shadow star. Also, in Theorems 2.6, 2.8 if we take m = 1
we obtain the splitting path and star. These special cases of our results coincide with results of

Vaidya and Shah [5] (Theorems 2.1, 2.2, 2.3, 2.4).
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3. SOME ODD HARMONIOUS GRAPHS

Let G, and G, be two disjoint graphs. The symmetric product (G, ® G,) of G, and G, is the
graph having vertex set V(G,) X V(G,) and edge set{(u;, v;) (uz, v2): uue E(G)) or v;v, € E(G,)
but not both }[4].

Theorem 3.1.

The graphs P, @ K_m , m, n =2 are odd-harmonious.

Proof.
Let P, ® K_m be described as indicated in Figure (8):

!
| I I

e e LH LH LH
V&__ E} V3 Vil Vo
Jm—1 i Jm—l »H—1 Jm—l
Vy Vs V3 ‘“u—Ei V.
[] - L]
I |

Figure(8)

It is clear that the number of edges of the graph P, @ K_m 1s Bm - 2)(n - 1). We define the

labeling function
FiVP,®K, ) —>1{0,1,2,....,20m-2)n-1)-1}
as follows:

Bm-2)i-1)+4(j -1, i=13,5,..n or n—1, j=123,..m
foh=
(Bm—-2)i—(6m—-5)+2(j—1), i=24,6,..n—1lorn-1, j=123,.m
It follows that f admits an odd harmonious labeling for P, @ K_m . Hence

P, ® K_m is an odd harmonious graph.
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Example 3.2. An odd harmonious labeling of the graph Ps ® ?3 is shown in Figure (9).

0 1 14 15 28 29

Figure (9): The graph Ps ® Z with its odd harmonious labeling.
Theorem 3.3.

The graphs Spl,, (P, @ K_2 ), m, n =2 are odd-harmonious.

Proof. Let wu ,u,,u,,...,u,;v,,v,,v;,...,v, be the vertices of the graph P, ® K, and
1 j 1 j . «+h . .

supposeu; ,uj ,uj,...ul, 1< j<m be the j" vertices corresponding to u,,u,,uUs,...,u, and

vi,vivi,...v), 1< j<m be the j" vertices corresponding to v,,v,,Vs,...,v, which are

added to obtain Spl,, (P, © K_2 ). The graph Spl,, (P, ® K_2 ) is described as indicated in Figure
(10)

Figure (10)
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Then the number of edges of the graph Spl,, (P, ® K_2 )=4(2m+1)(n-1). We define:
f:V(Spl, (P, ® K_z)) - {0, 1,2, ...82m+1)(n-1) - 1}.
First, we consider the labeling for the graph P, ® K_2 as follows:

dm+1D)+4Cm+ DI -1), i=135,..norn-1

fu)=
42m+1)(i—-2)+3, i=24,6,.n-1or n.
dm+4C2m+1)(I-1), i=135,.nor n—1
fv)=
42m+1D(E—-2)+1, i=2,4,6,.n—1or n.

For labeling the added vertices uij , vij ,1<i<n, 1< j<m we consider the following three

cases:
Case (i)

if i is odd, 1 <i <n we have the following labeling, foreach 1< j<m
fw)=4m- j)+4Q2m+1)(i-1)
fOH)=4m+ j+1)+4QCm+1)iG-1)

Case (i)

ifieven, I<i<n and m=1(mod2), 1< j<m we have the following labeling:

A2m+2- ) +4Cm+DGE-2)+1,  j=135..m

fw))=
42m+2— H+4Cm+Di-2)-1,  j=2,46,.m—1

42m+1+ j)+4Cm+1)(i-2) -1, Jj=135,..m

o=
42m+1+ H+4Cm+DG-2)+1,  j=246,.m—1



International Journal on Applications of Graph Theory in Wireless Ad hoc Networks and Sensor Networks
(GRAPH-HOC) Vol.8, No.3/4, December 2016

Case (iii)

ifieven, [I<i<n and m=0 (mod2), 1< j <m we have the following labeling:

42m+2— j)+4C2m+1)(i—-2)—1,
f))=

42m+2— ) +42m+1)(i—-2) +1,

42m+1+ j)+4C2m+1D(I—-2) +1,
foh=

42m+1+ ) +4C2m+1DE—-2)—1,

j=135,.m—-1

j=24,6,..m

j=13,5,..m—1

Jj=24,6,..m

It follows that f admits an odd harmonious labeling for Spl,, (P, ® K_2 ). Hence Spl,, (P, ®© K_2 )

is an odd harmonious graph.

Example 3.4. Odd harmonious labelings of graphs Spl, (Ps @ K_2 ) and

Spl; (Ps © K_2 ) are shown in Figure (11a) and Figure (11b) respectively.

R\

4@‘}’4 TN
RSS2SR
N SN SN
w‘v. w’w .*-:0%- X
AT AT AT\ ee

TRt
4.4 3

&\

0 :
Figure (11a) m =0 (mod 2),

208 /\ N\ R\ /.
20 i'i/A\#*% i’i/Ai-i/ 2

R JA ek 128
N ONVZONC LN 2N

) H g A 0 i"‘i. ‘,'..
Tkl H“,@x}i’ fékﬁfg,@«ﬁ
A AR WA 05

W
) WK

/ V/‘t V/‘* e

)

(0 §
\

Figure (11b), m =1 (mod 2)

Figure (11a), Figure (11b): The graphs Spl, (Ps © K_2 ) and Spl; (Ps® K_2 ) with their odd

harmonious labeling.
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Let G; and G, be two disjoint graphs. The conjunction (G; A G;) of G; and G; is the graph having
vertex set V(G;) X V(G,) and edge set{(u;, v;) (uz, v2): u;u,e E(G;) and v;v, € E(G;)}[4].

Theorem 3.5.

The graphs Spl,, (P> A S,), m, n =2 are odd harmonious.

Proof.

0
n

0.

n?o

0 0 0 0 0 0 .
Let wy,u, ,uy,...;u,; Vo,V ,V,,...,v, be the vertices of the graph P, A S, and suppose
0

n

ul,ulul,ui,..ul, 1< j<mbe the j™ vertices corresponding to ug,ulo,ug,...,u and
vy,vl,vivi,.,v! 1< j<m be the j™ vertices corresponding to vg,vf,vg,...,v,? which are

added to obtain Spl,, (P> A S,). The graph Spl,, (P> A S,) is described as indicated in figure (12)

Figure (12)

It is clear that the number of edges of the graph Spl,, (P> A S,) is 2n(2m+1). Now we define the
labeling function

£ V(Spl (PsA S0) = {0, 1,2, ..., 4n(2m+1)-1},

as follows:
f(u({)=(2m+2)n—l+2j, 0<j<m
f)=Cm+1)-2j, 0<j<m
[ =2i(m+1)~2m, 1<i<n
f@)=2(m+1i-1), 1<i<n

Now we label the remaining verticesu;/ ,v/, 1<i<n, 1< j<m as follows:

11
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For the vertices v,.j : we put the labeled vertices vi1 ,vi2 ,v? Vi, 1<i < n, ordered from bottom

to top in columns as in Example 3.6, the labels form an arithmetic progression whose basis is 2
and whose first term is 2[(m+1)n+1].

Similarly for uij : we put the labeled vertices ”,1 ,u,.2 ,uf estt; . 1< i <n, ordered from bottom to

top in columns as in Example 3.6, the labels form an arithmetic progression whose basis is 2 and
whose first term is 2[(3n-1)m+2n].

It follows that f admits an odd harmonious labeling for Spl,,(P> A S,). Hence Spl,.(P; A S,) is an
odd harmonious graph.

Example 3.6. An odd harmonious labeling of the graph Spl; (P, A S,) is shown in Figure (13).

34 42 50 0 2 82 a0 98

Figure (13): The graph Spl; (P, A S;) with its odd harmonious labeling

Corollary 3.7.

The following known graphs are odd harmonious:

1. SplS,AP,) , n>2
2. SplP,® K,) ., n=2

Theorem 3.8.

The graphs Spl (K,,,), m, n =2 are odd harmonious.
Proof.

Let V(K,,) = {uy, U, Uz, ...y Uy 3 Vi, V2y V3, ..o, Vi), my, n 2 2. It is clear that the number of edges
of the graph Sp/(K,,,) is 3mn. The graph is indicated in Figure (14):

12
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Figure (14)

We define the labeling function

f:V(Spl(K,,,)) = {0,1,2, ..., 6mn - 1} as follows:
f(v)=4i-3 , 1<i<m
flu)=6n(i-1), 1<i<n

fovhy=4n+2i-1 , 1<i<m

fluly=2+6nG-1) , 1<i<n

It follows that f admits an odd harmonious labeling for Spl/(K,,,). Hence Spl(K,,,) is an odd
harmonious graph.

Example 3.9. Odd harmonious labeling of graph Spl(K;,) is shown in Figure (15).

Figure (15): The graph Spl(K;,) with its odd harmonious labeling

13
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